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I. Introduction



Topological phases with symmetries
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• Interesting symmetries:
• Charge conservation U(1)

• Time reversal

• Spatial symmetries

Symmetry

SPT = symmetry-protected topological
SET = symmetry-enriched topological



Spatial symmetries

• Crystals have spatial
symmetries
• 230 space groups in 3-D

• Free-fermion phases protected 
by space group symmetries:

“Topological crystalline insulators” 
(Liang Fu, 2011)

• Interacting topological phases 
with space group symmetries: 
???



Crystalline equivalence principle:

It doesn't matter whether or not the symmetry acts 
spatially or not – the classification is the same!



Topological phases for internal 
symmetries

• For internal symmetries (e.g. charge conservation 
or time reversal), lots of beautiful theory

Bosonic SPTs: Group cohomology (Chen, Gu, Liu, Wen, 2011)

Fermionic SPTs: Group supercohomology (Gu and Wen, 2012 )

SETs: G-crossed braided tensor categories

(Etingof et al, 2010; Barkeshli et al, 2014)



II. The general formalism



Topological IR limits

Lattice model

TQFT



Smooth states

Smooth state



Spatially dependent TQFT

• A spatially dependent TQFT over a space X is a 
continuous map





Spatially dependent TQFT
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Crystalline equivalence principle:

It doesn't matter whether or not the symmetry acts 
spatially or not – the classification is the same!

Theorem

(If                  )

• A spatially dependent TQFT over a space X is a 
continuous map



III. Some physical pictures



Equivariant cohomology

(Internal symmetries)

Classification of bosonic SPT phases

(Spatial symmetries)

Spectral sequence

[Song, Huang, Fu, Hermele, PRX ‘16]
[Huang, Song, Huang, Hermele, arXiv:1705.09243]



Examples of equivariant cohomology

Classification:

Classification:

[Song, Huang, Fu, Hermele, PRX ‘16]
[Huang, Song, Huang, Hermele, arXiv:1705.09243]

Classification:



Examples of equivariant cohomology



Gauging spatial symmetries

• A spatially dependent TQFT over a space X is a 
continuous map

• A spatially dependent TQFT with spatial symmetry 
G is equivalent a TQFT with a background 
“crystalline gauge field” (TQFTs can be “gauged”).



Gauge field for spatial symmetry

Dislocation 
= gauge flux for translational symmetry

Disclination
= gauge flux for rotational symmetry

Discrete gravitational response??



The 230-fold way



Spectral sequence

1/2

Lieb-Schultz-Mattis theorem



Thank you!



Gauge fields for spatial symmetry

is a principal G-bundle

is G-equivariant



Example of crystalline gauge field


